A quantum theory in a finite-dimensional Hilbert space can be geometrically formulated as a proper Hamiltonian theory as explained in [2, 3, 7, 8] . From this point of view a quantum system can be described in a classical-like framework where quantum dynamics is represented by a Hamiltonian flow in the phase space given by projective Hilbert space. This paper is devoted to investigate how the notion of accessibility algebra from classical control theory can be applied within geometric Hamiltonian formulation of Quanum Mechanics to study controllability of a quantum system. A new characterization of quantum controllability in terms of Killing vector fields w.r.t. Fubini-Study metric on projective space is also discussed.
Introduction
In Quantum Control Theory a fundamental issue is understanding if a quantum system can be driven from an initial state to a selected finale state, i.e. if it is controllable (some notions of quantum controllability are sketched below). Quantum Control obviously requires taking into account aspects like entanglement, coherence, unitary evolution, dynamics of open systems that are quantum features without a counterpart in Classical Mechanics. However adopting a geometric point of view, a n-level quantum system can be described as a Hamiltonian system in a symplectic manifold in analogy to a classical system. Since Classical Control Theory is rich of tools within a geometric formulation we can conjecture that some of these tools can be directly applied to study quantum controllability. The main goal of this paper is investigate how quantum controllability can be characterized applying the machinery of classical control theory within geometric formulation of Quantum Mechanics. In particular theorem 11 shows that complete controllability of a quantum system can be tested checking classical accessibility rank condition. Another aim of the work is investigate how geometric structure of Hilbert projective space can be used to study quantum control, in particular we show that controllability of a quantum system can be characterized in terms of Killing vector fields w.r.t. riemannian metric defined on quantum phase space. In section 3, we summarize geometric Hamiltonian formulation of finite-dimensional QM on projective space construced out from the Hilbert space of the considered quantum theory. In particular a general prescription to associate a phase space function (classical-like observable) to every quantum observable is stated. Within the symplectic structure of the projective space, classical-like observables define Hamiltonian vector fields. In the present paper we set up a description of quantum controllability in terms of Hamiltonian vector fields as in Classical Mechanics. Let us start introducing some fundamental concepts to investigate if the dynamics of a quantum physical system can be controlled acting on external controls which are described by coupling terms in the system Hamiltonian operator. The bilinear model of controllability problem for a multilevel quantum system described in a n-dimensional Hilbert space H is given by:
(1) is the Schrödinger equation defined by a total Hamiltonian made by an internal part H 0 and coupling terms with control functions u i = u i (t) for i = 1, ..., m. The ket |ψ is a normalized wavefunction, so a curve t → |ψ(t) on the unit sphere S(H) := {|ψ ∈ H| ψ|ψ = 1} satisfying (1) represents the time evolution of a pure state.
Definition 1 The quantum system (1) is pure state controllable if for every pair |ψ 0 , |ψ 1 ∈ S(H) there exist control functions u 1 , ..., u m and a time T > 0 such that the solution of (1), with initial condition |ψ(0) = |ψ 0 , at time T is |ψ(T ) = |ψ 1 .
Since state vectors differing by a phase factor are physically indistinguishable i.e. the set of the pure states is isomorphic to the space of rays in H, thus the above definition should consider the quotient of the sphere S(H) w.r.t. the group U (1), i.e. the projective space on H. However pure state controllability is equivalent to the controllability in terms of rays (sometimes called equivalent state controllability), as proved in [1] . According to standard formulation of QM, solution at time t of (1) with initial condition |ψ 0 is given by the unitary evolution (assuming the considered system is not interacting with enviroment):
where U (t) belongs to the unitary group U (n) and it is given by the solution at time t of:
with initial condition U (0) = I n . Another notion of controllability of physical interest is the so called operator controllability or complete controllability [1, 4, 11] .
Definition 2 The quantum system (1) is operator controllable or completely controllable if every unitary operation on the initial state can be performed by an appropritae choice of the controls u 1 , ..., u m . In other words, for every U f ∈ U (n) there exist controls u 1 , ..., u m and T > 0 such that the solution of (3), with initial condition U (0) = I n , satisfies U (T ) = U f .
Let B(H) be the linear Lie algebra of operators in the Hilbert space H and {A 1 , ..., A m } be a finite set of operators in B(H), the smallest subalgebra of B(H) containing A 1 , ...A m is called algebra generated by {A 1 , ...A m }. A sufficient and necessary condition for operator controllability of a quantum system is given by the following result [1, 11] :
The system (1) is operator controllable if and only if the Lie algebra L generated by {−iH 0 , −iH 1 , ..., −iH m } is u(n), the Lie algebra of the unitary group U (n).
The Lie algebra L is tipically called dynamical algebra of the system (1). The goal of the present paper is to show that a quantum system is complete controllable if and only if it satisfies the classical accessibility rank condition (theorem 7) within the classical-like geometric Hamiltonian formulation of QM that is introduced in section 3.
Controllability and local accessibility of a classical system
In this section let us recall some fundamental concepts about classical control theory within Hamiltonian formalism, we consider a classical system coupled with a set of external controls. Under certain conditions a suitable choice of these controls can allow to drive the system in the phase space along preferred trajectories and such a control can be a local or a global property. The general controllability problem for a classical non-linear system in the affine form can be stated as follows:
where [0, +∞) ∋ t → x(t) is a curve in the n-dimensional smooth symplectic manifold M (the phase space, n is the total number of degrees of freedom of the system) describing time evolution of the classical system, X 0 , X 1 , ..., X m are smooth vector fields on M and u 1 , ..., u m are real valued functions called control functions or simply controls. In (4) there are the Hamilton equations of motion defined by the Hamiltonian function
More precisely: Let ω be the symplectic form defined on M, X i is the unique vector field satisfying ω(X i , Y ) = dH i (Y ) for every vector field Y on M, i.e. X i is the Hamiltonian vector field associated to the smooth function H i : M → R (for any i = 1, ..., m).
Control on the system is realized by the set of controls {u 1 , ..., u m } coupled with the system via timeindependent Hamiltonians H i . The function H 0 represents the internal energy of the system and its Hamiltonian vector field X 0 is sometimes called drift vector field. Generally speaking the goal of a control problem is finding a set of controls {u 1 , ..., u m } in order to drive the system from an initial state x(0) ∈ M to a final state x(T ) ∈ M, in a finite time T > 0. In the following we refer to (4) as the control system or simply as the system.
Definition 4
The system (4) is said to be controllable if for any two points x 1 , x 2 ∈ M there exists a finite time T and controls u 1 , ..., u m such that the solution x = x(t) of (4) with initial condition
Hence if a system is controllable then any physically permitted evolution can be achieved by a controller which acts on controls. Let R V (x 0 , T ) be the subset of M made by points that are reachble from x 0 at time T following trajectories contained in the neighborhood V of x 0 , i.e. being x = x(t) the solution of (4) with initial condition x(0) = x 0 we can define:
Defining the reachable set R
we can state the following definition.
Definition 5 The control system (4) is said to be locally accessible from x 0 ∈ M if R V T (x 0 ) contains a non-empty open set of M for all V and T > 0. If such property holds for all x 0 ∈ M then the system is said to be locally accessible.
Thus system is controllable if T >0 R M T (x 0 ) = M for all x 0 . A useful tool to study controllability and local accessibility of a system is given by a particular subalgebra of the Lie algebra V ∞ (M) of smooth vector fields on M.
Definition 6
The accessibility algebra C of the system (4) is the subalgebra of
So C is the smallest subalgebra of V ∞ (M) containing vector fields X 0 , X 1 , ..., X m . Let us introduce a linear subspace of the tangent space T x M in x ∈ M associated to C which defines the so called accessibility distribution:
The following result is the celebrated accessibility rank condition [10] :
Theorem 7 Consider a classical control system (4). If dim C(x) = n for every x ∈ M then the system is locally accessible.
In other words the condition of local accessibility is equivalent to the following fact: The vector fields belonging to accessibility algebra of the system span the tangent space in every point of the manifold. Below we apply classical accessibility rank condition to characterize the controllability of a quantum system which is described as a classical-like system in the geometric Hamiltonian framework, where M is given by the projective space of the Hilbert space of a n-level system.
Geometric Hamiltonian formulation of Quantum Mechanics
Finite dimensional Quantum Mechanics can be formulated as a classical-like Hamilonian theory where the phase space is given by the projective space P(H) = S(H)/U (1) on the Hilbert space H of considered quantum theory (e.g. [2] ). P(H) has a structure of (2n − 2)-dimensional real manifold which can be equipped with a Kähler structure. In particular we introduce the symplecic form below. Points of P(H) can be represented by rank-1 orthogonal projectors on H, i.e. pure states, in fact it is well-known that there exists a homeomorphism P(H) → D p (H) where D p (H) denotes the set of pure states endowed with the standard operator topology 1 and P(H) is equipped with the quotient topology 2 . In order to define explicitely the symplectic form on P(H) let us introduce the following characterization of the tangent space T p P(H) which is made possible by the transitive action of U (n) on P(H). In the following iu(n) denotes the real vector space of self-adjoint operators in H.
Proposition 8 The tangent vectors v at p ∈ P(H) are all the linear operators on H of the form:
is the isotropy subgroup of p ∈ P(H). Let us consider the transitive smooth action of the compact Lie group U (n) on the projective space P(H) (identifying points of P(H) with rank-1 orthogonal projectors on H):
The projection defined as:
is a submersion [12] and thus
e. for every anti-self adjoint operator on H, the claim is proved.
As a consequence of the above result we have this isomorphism of vector spaces:
1 Let B(H) be the C * -algebra of linear operators on the finite-dimensional Hilbert space H, Dp(H) is defined as the set of extremal points of D(H) ⊂ B(H) that is the convex set of positive operators with unit trace, i.e. density matrices (in finite dimension every operator is obviously bounded and trace-class). Standard operator topology is the topology equivalently induced by C * -norm or trace norm or Hilbert-Schmidt norm defined on B(H). 2 In the quotient topology, P(H) is connected and Hausdorff.
where the equivalence relation ∼ p is defined by:
A symplectic form on P(H) can be defined for any κ > 0 as:
and also a Riemannian metric is defined:
called Fubini-Study metric. Adopting the notation −i[A, p] = dp and applying the polarization identity, (11) can be written in the celebrated form ds 2 = g p (dp, dp) = 2κtr(p(dp) 2 ). These two definitions are well-posed and gives tensors even if the operator A v associated to v is not unique because the right-hand sides of (10) and (11) are fixed if adding to A v or A u operators commuting with p. The symplectic form is comapatible with Fubini-Study metric w.r.t. to a complex form [2, 3, 7, 8] , so P(H) has a structure of Kähler manifold. In particular the symplectic structure can be exploited to construsct a proper Hamiltonian mechanics: For every smooth function f : P(H) → R the associated Hamiltonian vector field X f is the unique vector field satisfying ω p (X f , · ) = df p and the notion of Poisson bracket of a pair of smooth functions f, g : P(H) → R can be defined as {f, g} := ω(X f , X g ). The formula [X f , X g ] = X {f,g} holds, where the commutator [ , ] is the Lie bracket of vector fields. The main idea of geometric Hamiltonian formulation of QM is associating any quantum observable A ∈ iu(n) to a real scalar function f A on P(H) (i.e. a classical-like observable given by a phase space function) in order to obtain a classical-like description of a quantum system on the projective space, in particular representing quantum dynamics via a Hamiltonian vector field w.r.t. the symplectic form (10) . Imposing several physical requirements [7, 8] a general prescription to set up a meaningful classical-like Hamiltonian formulation of a quantum theory is given by the so-called inverse quantization maps O and S:
for observables. And about states:
with
where
and D(H) denotes the set of density matrices on H. Indeed we have a one-parameter family of prescriptions {O κ , S κ } κ>0 to set up a proper Hamiltonian theory. For κ = 1, the observable A is represented by the standard expectation value function f A (p) = tr(Ap) as in the Ashtekar-Schilling picture [2] . While the choice κ = n + 1 is convinient if one needs a simple form of Liouville densities representing quantum states like within geomeric description of entangled states presented in [9] . Using the maps O and S to obtain classical-like observables and states we can compute quantum expectation values as classical expectation values:
where ν is the suitably normalized Liouville measure induced by the symplectic form ω (see [6, 7] for a complete description of ν). For any A ∈ iu(n), the Hamiltonian vector field associated to f A = O(A) within the symplectic structure induced by (10) is given by [2, 3, 7] :
A very remarkable result is stated below [2, 3] :
Theorem 9 A vector field on P(H) is the Hamiltonian vector field of a classical-like observable if and only if it is a g-Killing vector field.
Thus one can note the following fact: If A is the Hamiltonian operator H then the Hamilton dynamics given by the field X fH is equivalent to the Schrödinger dynamics given by H, i.e. a curve t → p(t) ∈ P(H) satisfies the Schrödinger equation ( = 1):
if and only if it satisfies the Hamilton equation:
In particular, if dim H > 2 then we have a C * -isomorphism induced by O (for any κ > 0)between the C * -algebra of linear operators in H and the C * -algebra of certain square ν-integrable functions (so-called frame functions [6] ) on projective space [7, 8] . In this case the prescription introduced in (12)- (15) is the unique procedure to set up a Hamiltonian formulation of a quantum theory on projective space. Thus we can construct a concrete observable algebra in terms of phase space functions (abandoning selfadjoint operators) obtaining a self-consistent classical-like Hamiltonian formulation of finite-dimensional Quantum Mechanics with a complete characterization of mixed states as normalized probability densities. In terms of such Liouville densities, a description of entangled states is given in [9] with focus on quantum information theory.
Complete quantum controllability in terms of classical-like local accessibility
Since Schrödinger dynamics is equivalent to Hamilton dynamics within the setting described in the previous section, so we can state a quantum control problem in terms of Hamiltonian vector fields on P(H). In this picture, system (1) (for = 1) is equivalent to the nonlinear system:
where p(t) = |ψ(t) ψ(t)| and X 0 , ..., X m are the Hamiltonian vector fields on P(H) defined by the Hamiltonian functions f H0 = O(H 0 ), ..., f Hm = O(H m ):
We call (20) classical-like system equivalent to the quantum system (1) because its described in terms of Hamiltonian vector fields on a quantum phase space within the classical-fashioned formalism introduced in the previous section. 
where the commutator in the first member is the Lie bracket of vector fields. Hence we have a Lie algebraic homomorphism between the algebra of Hamiltonian vector fields corresponding to quantum observables (that are the Killing vector fields w.r.t. Fubini-Study metric) and u(n), the algebra of anti-selfadjoint operators. More precisely u(n) ∋ T → X with X(p) = [T, p] is an epimorphism of Lie algebras. Let V(H) be the algebra of smooth vector fields on P(H), for the system (20) the accessibility algebra C is defined as the subalgebra of V(H) generated by the fields {X 0 , ..., X m }. We can define accessibility distribution on projective space:
In order to show that the classical accessibility condition C(p) = T p P(H) ∀p ∈ P(H) for the system (20) implies operator controllability for the system (1), let us present the following technical result [4, 10] :
Proposition 10 Let A be a Lie algebra with Lie brackets [ , ] and {a 1 , ..., a r } ⊂ A be a finite subset. Let B be the algebra generated by {a 1 , ..., a r } i.e. the smallest subalgebra of A that contains a 1 , ..., a r . Then elements of B turns out to be all linear combinations of repeated Lie brackets:
where A α ∈ {a 1 , ..., a r } for any α ∈ {1, ..., k}.
The statement of following theorem shows that if a quantum system is described within geometric Hamiltonian formulation so that associated accessibility algebra can be defined then accessibility rank condition (stated like in classical control theory) is satisfied if and only if the considered quantum system is completely controllable. Let us recall that referring to (1) the dynamical Lie algebra L of a quantum system is defined as the operator algebra generated by {−iH 0 , ..., −iH m }. Let us stress the control problem can be translated in geometric Hamiltonian formulation considering the Hamitonian vector fields X 0 , ..., X m on the projective space generated by the functions
Theorem 11 Consider a quantum system described in the n-dimensional Hilbert space H whose dynamics is governed by (1) . Let C be the accessibility algebra of the system within geometric Hamiltonian description on projective space P(H). The system is completely controllable if and only if the accessibility rank condition is satisfied, i.e.:
Proof. We prove that condition (25) is satisfied if and only if L = u(n), where L is the dynamical Lie algebra of the quantum system and u(n) is the Lie algebra of the unitary group U (n). First of all let us prove that a vector field X on P(H) belongs to C if and only if there is an operator T ∈ L such that X(p) = [T, p] for every p ∈ P(H). Let X 0 , X 1 , ..., X m be the Hamiltonian vector fields on P(H) associated to quantum operators H 0 , H 1 , ..., H m , then C is generated by {X 0 , X 1 , ..., X m } by definition. By proposition 10 any element X of C can be written as a linear combination X = k a k X k of fields given by repeated Lie brackets:
where X i ∈ {X 0 , ..., X m } for any i = 1, ..., k. Using (17) we can write the action of the vector field X k on p ∈ P(H) as:
with H i ∈ {H 0 , ..., H m } for any i = 1, ..., k according to (22) . Hence X(p) = [T, p] for every p ∈ P(H), where T is some anti-selfadjoint operator given by a linear combination of terms of the following form:
thus T belongs to the subalgebra L by proposition 10. The converse is true, if T ∈ L then it can be written as a linear combination of terms (27) and the associated vector field X(p) = [T, p] is a linear combination of repeated Lie brackets (26), i.e. it belongs to C. Using this result, the accessibility distribution C(p) := span{X(p)|X ∈ C} can be written as:
If we require the accessibility condition C(p) = T p P(H) ∀p ∈ P(H), then C(p) is isomorphic to iu(n)/ ∼ p for every p ∈ P(H) as provided by (8), thus denoting by [iT ] p the equivalence class of the selfadjoint operator iT in iu(n)/ ∼ p , we have:
Hence L = u(n). Then classical local accessibility condition within the formulation given by (20) implies complete controllability of the quantum system (1). Moreover, if the Lie algebra generated by {−iH 0 , ..., −iH 1 } is u(n) then C(p) span the tangent space in p everywhere on P(H) as a cosequence of (28). Therefore we can conclude that the accessibility rank condition is a necessary and sufficient condition for the complete controllability of the quantum system (1).
Let us stress the following fact: Even if condition (28) is essentially a condition on the tangent space of P(H) (whose points are identified with pure states) it is not only connected with pure state controllability but with stronger property of operator controllablity, this non-trivial result is a consequence of the correspondence between tangent vectors in T p P(H) and self-adjoint operators on H, as shown by proposition 8.
In other words operator controllability can be completely studied by means of a necessary and sufficient condition on the tangent space by virtue of transitive action of the unitary group on P(H). On the other hand we focus on the notion of pure state controllability within our framework in the next section showing its weakness w.r.t. complete controllability in terms of accessibility algebra as an algebra of Killing fields. Theorem 11 allows to characterize the dynamical Lie algebra L associated to a quantum control system in terms of the accessibility algebra defined within geometric Hamiltonian formulation. Applying the well-known result of theorem 9, we can state an additional characterization of quantum controllability in terms of accessibility algebra: There is complete controllability if and only if C is the Lie subalgebra of V(H) made by the Hamiltonian vector fields on P(H) corresponding to quantum observables that are the g-Killing vector fields (g is Fubini-Study metric), we denote such algebra as Kill(P(H)). Then let us state:
Corollary 12 A quantum system is completely controllable if and only if the accessibility algebra of the correspondent classical-like system is Kill(P(H)).
5 Pure state controllability in terms of classical-like accessibility algebra
In conclusion, we focus on the notion of pure state controllability (definition 1), that is a property weaker than complete controllability. By definition, pure state controllability of a quantum system is equivalent to the following fact: The Lie group e L (where L is the dynamical algebra) has a transitive action on the unit sphere S(H). As proved in [1] , such a condition is equivalent to one of the following facts: L is isomorphic to sp( n 2 ) or to su(n), for n even, or to su(n), for n odd. Where sp( n 2 ) is the Lie algebra of the symplectic group and su(n) is the Lie algebra of SU (n). However, a more practical pure state controllability criterion is also introduced in [1] : Consider a pure state P ∈ D p (H) (which can be identified as a point p ∈ P(H)), let C P the centralizer of iP in u(n) (i.e. the subalgebra of u(n) made by the operators T ∈ u(n) such that [T, iP ] = 0). A quantum system with dynamical algebra L is pure state controllable if and only if:
independently of the choice of P because the transitive action of unitary group on the set of pure states. This test is really convenient when performing calculations in the Hilbertian basis where P =diag(1, 0, . . . , 0). Let us show there is an analogous condition in terms of accessibility algebra that can be proved exploiting the geometric structure of P(H) and the characterization of quantum observables by means of Hamiltonian vector fields.
The Lie algebra of Killing vector fields on a compact (pseudo-)Riemannian manifold corresponds to the Lie algebra of the isometry group of the manifold. In the case of P(H) the isomtery group is the projective unitary group P U (n) then we have dim(Kill(P(H))) = n 2 − 1. One can use another simple argument to calculate the dimension of Lie algebra of Killing vector fields on P(H) as a Riemannian manifold: We can consider the Lie algebraic homomorphism φ : u(n) ∋ T → X T ∈ V(H) where X T (p) := [T, p] for any p ∈ P(H), let f iT be the classical-like observable associated to iT for any T ∈ u(n) (then X T is the Hamiltonian vector field of f iT ), since P(H) is connected the map f iT → X T is a Lie algebraic homomorphism whose kernel is given by the constant functions. Hence the kernel of φ is the 1-dimensional ideal I of u(n) given by the multiples of iI n . Thus the dimension of the range of φ (that corresponds to Kill(P(H) in view of theorem 9) is n 2 − 1. The following theorem establishes a necessary and sufficient condition for pure state controllability in terms of the accessibility algebra. It turns out to be the analogous of the standard one (30) where the dynamical Lie algebra L is replaced by the accessibility algebra of the classical-like formulation and the centralizer C P is replaced by a subalgebra of vanishing Killing vector fields.
Theorem 13 A quantum system described within the geometric Hamiltonian picture is pure state controllable if and only if
for a fixed p ∈ P(H). Where C is the classical accessibility algebra and A p is the subalgebra of Kill(P(H)) of vector fields that satisfies X(p) = 0.
Proof. We have seen that C is a subalgebra of the Lie algebra of Killing vector fields in P(H) then it is isomorphic to the Lie algebra of a one-parameter subgroup G of the isometry group. The subalgebra C ∩ A p of vanishing Killing vector fields in p is isomorphic to the Lie algebra of a subgroup of the isotropy group of p ∈ P(H) which belongs to G. Let us denote such isotropy subgroup withG p . Since G/G p is diffeomorphic to the orbit G.p of p we have dim(C) − dim(C ∩ A p ) coincides with the dimension of G.p that is an immersed submanifold of P(H).
If dim(C) − dim(C ∩ A p ) = dim P(H) = 2n − 2 then the orbit G.p is P(H) itself, hence the action of G is transitive on P(H) and p can be map to any point p ′ ∈ P(H) under the action of a transformation g ∈ G, i.e. p ′ = g(p) = U pU * for some unitary operaor U ∈ U (n). This fact is equivalent to pure state controllability, i.e. for any initial state and any final state one can find a time evolution from the first one to the second one. The converse is true, if the considered quantum system is pure state controllable then there exists a one-parameter group of isometries G with transistive action on P(H) whose Lie algebra corresponds to the accessibility algebra C; Since P(H) is a homogeneous space for G, the relation (31) for Lie algebras holds.
As a remark note that theorem 13 represents an alternative way to prove the validity of the known pure state controllability criterion (30) (Theorem 7 in [1] ), let us prove below that (30) is equivalent to (31). Consider the dynamical Lie algebra L of a quantum system, applying theorem 11, we have that T ∈ L if and only if the vector field given by X(p) = [T, p] belongs to the accessibility algebra C (within the geometric Hamiltonian picture). In particular, if T ∈ L is also an element of the centralizer of the operator P ∈ D p (H) identified by the point p ∈ P(H) we have that associated Hamiltonian field X ∈ C gives the null tangent vector in p ∈ P(H). Viceversa is obviously true. For any Lie subalgebra C of u(n), the subalgebra φ(C) of Kill(P(H)) has dimension dim φ(C) = (dim C) − 1 if I ⊂ C or dim φ(C) = dim C if I ⊂ C, where I is the ideal formed by the multiples of iI n . Note that if I is a subalgebra of L then I is a subalgebra of L ∩ C P because I is an ideal of the centralizer. Since C = φ(L) and C ∩ A p = φ(L ∩ C P ) we have dim(C) − dim(C ∩ A p ) = 2n − 2 if and only if dim L − dim(L ∩ C P ) = 2n − 2 that is the standard condition for pure state controllability.
Conclusion and perspectives
We can give the following interpretation of the result presented in section 4: since operator controllability of a quantum system can be expressed in terms of classical local accessibility then we conjecture that classical control theory can be directly applied to quantum control in several contexts within geometric Hamiltonian picture. In particular we have shown that accessibility algebra (as defined in classical control theory) plays a central rôle in geometric classical-like framework to characterize complete controllability and pure state controllability that are the main notions of controllability in quantum control theory. In many concrete situations the quantum system to be controlled is an open quantum system and not an isolated one, then dynamics cannot be simply described by a group of unitary operators, in this case the study of controllability is more difficult and represents an extremely interesting direction of scientific investigation. In this regard a way to adopt a classical-like point of view (as suggested in the present work) is represented by [9] where states of composite quantum systems and quantum entanglement are described in terms of Liouville densities. From physical point of view a remarkable open issue is the determination of a concrete class of control problems for which the presented geometric approach is definitely more convenient than the known methods of quantum control. An example of promising direction of investigation in this sense could be indirect controllability: A target system S is coupled with an auxiliary system A on which control is performed. Such a composite system can be completely described in Hamiltonian geometric terms [9] where notion of partial trace is replaced by partial integral w.r.t. a suitable Liouville form and a measure of quantum correlation in S + A can be directly computed as a L 2 -distance between Liouville densities. Hence this work provides a machinery which could lead to a new approach to indirect controllability. Several tools of classical optimal control theory, like Pontryagin minimum principle and variational methods, have been applied to optimal quantum control [5] ; working in a geometric classical-like framework could be a fruitful strategy to adapt other classical tools to optimal control theory.
